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A passage in Euler's notebook 132 (written between 1740 and 1744) concerning the four- 
squares theorem is interpreted in a new way. The proof of the four-squares theorem is based 
on three lemmas. Euler proved two of them from which he deduced the theorem on the 
representation as a sum of four squares of fractions. But Euler was not able to prove the 
third lemma though it is formulated in notebook 132. © 1993 Academic Press, Inc. 
Un paragraphe dans le carnet d'Euler (6crit entre 1740 et 1744) concernant le th6or6me 
sur les quatre carr6s est interpret6 d 'une mani~re nouvelle. L'6preuve du th6orhme de 
Lagrange s'appuie sur trois lemmes. Euler a prouv4 seulement deux au moyen desquels il
a d6duit le thdor6me sur la repr4sentation par des sommes de quatre carr6s de fractions. 
Mais Euler n'a pas 6t6 capable de prouver le troisi6me lemme n6anmoins formul6 dans le 
carnet 132. © 1993 Academic Press, Inc. 
Eine den Vierquadratesatz betreffende Notiz in Eulers Notizbtichern (aufgeschrieben 
zwischen 1740 und 1744) wird neu interpretiert. Der Beweis des Vierquadratesatzes basiert 
auf drei Lemmata,  von denen Euler zwei bewies. Mit diesen konnte er den Satz fiber die 
Darstellung als Summe yon vier Quadraten gebrochener Zahlen beweisen. Abet es gelang 
Euler nicht, das drine Lemma zu beweisen, obwohl er es im Notizbuch versucht hat. © 1993 
Academic Press, Inc. 
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1. THE TWO FOUR-SQUARES THEOREMS 
If we ask for the representation of a natural number as a sum of squares of 
fractions or as a sum of squares of natural numbers, we have to distinguish between 
the following two four-squares theorems: 
THEOREM OF DIOPHANTUS AND EULER. Every natural number  (or every frac- 
tion) is a sum o f  (at most, even exact ly ) four  squares o f  fractions. 
THEOREM OF BACHET AND LAGRANGE.  Every natural number  is a sum o f  at 
most  four  squares o f  natural numbers.  
The following lemmas and corollaries are used for the proof of the Theorem of 
Diophantus and Euler. 
LEMMA 1. (a 2 + b 2 + c 2 + d2)(e 2 +f2  + g2 + h 2) = (ae + b f+ cg + dh) 2 + 
(a f  - be -  ch + dg) 2 + (ag + bh - ce - d f )  2 + (ah - bg + c f  - de) 2. 
Let the symbol [4IF denote any number which is a sum of four or fewer squares 
of fractions (positive rational numbers). Then we have 
12 
0315-0860/93 $5.00 
Copyright © 1993 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
HM 20 THE FOUR-SQUARES THEOREM 13 
COROLLARY 1. I f  m = []F, n = []F, then mn= []F. 
COROLLARY 2. I f  mn ~ []V and m = []F, then mn/m = n = []F.  [1] 
LEMMA 2. For each prime p there are integers Uo, Vo such that [Uo[ < p/2, 
IVo[ < p/2, and p[1 + u 2 + v~. [2] 
Hence follows the proof of the theorem of Diophantus and Euler: 
If all prime numbers were of the form [ ]F ,  then the totality of all natural numbers 
would be contained in this form. This is evident from Lemma 1, Corollary 1. We 
have to prove that p = [ ]F ,  i fp  is an odd prime. Let us suppose that there a
primes which are not representable as []F.  Take p to be the least such prime. By 
Lemma 2 we know that there are integers u0, v0 such that p] 1 + u 2 + v 2 = n and 
lu01 < p/2, Ivo] < p/2. Since I < p2/4, u~ < p2/4, V2o < p2/4, we have n = I + 
u~ + v 2 < 3 • p2/4, hence n/p < 3p/4 < p. By the supposition we must have 
n/p = []F- On the other hand we have n/p • p = n = 1 + u02 + v0 z = []V. By 
Corollary 2 it follows that p = [ ]F ,  which contradicts the supposition. 
Lemmas 1 and 2 are not sufficient to prove the theorem of Bachet and Lagrange. 
We need 
LEMMA 3. Any prime p which divides the sum of four or fewer squares of  natural 
numbers, not all of  them divisible by p, is itself the sum of four or fewer squares 
of  natural numbers. 
Let the symbol [ ]  denote any number which is a sum of four or fewer squares 
of natural numbers; then Lemma 3 means that p] [ ]  (not all of the squares being 
divisible by p) implies p = [~]. [3] The proof of the theorem of Bachet and Lagrange 
now follows. [4] 
2. FROM DIOPHANTUS TO EULER 
Diophantus [Diophantus 1982; Diophante 1984, Problem VII, 17] discussed the 
problem of the representation f a square as a sum of four squares of fractions and 
gave the example (13/3) 2 = 12 + (24/10) 2 + (4/3) 2 + (32/10) 2. In other passages of 
his "problemata arithmetika" [Heath 1910; Diophantus 1952, Problems IV, 29, 30, 
V, 14; Diophantus 1621, Problems IV, 31, 32, V, 17] he provided as an implied 
condition that the theorem of Diophantus and Euler is true. In 1621 Bachet conjec- 
tured the theorem of Bachet and Lagrange [Diophantus 1621, Problem IV, 31]. In 
a letter of 1636 to Mersenne [Fermat 1894, 65] we find for the first time Fermat's 
statement about every integer being the sum of three triangular numbers, of four 
squares, of five pentagonal numbers, and so on. He repeated the statement several 
times. Writing to Huygens in 1659 [Fermat 1894, 433] he repeated only the four- 
squares theorem and added some remarks about a possible proof. But there is no 
trace of Lemma 1 in Fermat's writings [Weil 1983, 102]. 
Euler's interest in number theory had first been awakened (in 1730) by Fermat's 
statement about sums of four squares [Weil 1983, 173]. From Euler's corre- 
spondance with Goldbach [Euler & Goldbach 1965, 31, 35, 43f., 185, 273, 289, 
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310f., 316f., 318,324, 327f., 330, 343] we know that this statement (Euler always 
said "Fermat's theorem") was seriously considered by Euler for over 40 years. 
He discovered the identity for products of sums of four squares (Lemma 1) between 
1736 and 1740 and wrote it down in his notebooks [Matvievskaya 1960, 145ff.]. He 
only informed Goldbach about it in 1748 [Euler & Goldbach 1965, 289]. In 1760 he 
published Lemma I [Euler 1760, 368f. (written 1751)]. 
In 1749, in a letter to Goldbach, Euler stated Lemma 2 [Euler & Goldbach 1965, 
310 f.] and published it in Euler 1760. (Very simple statements concerning quadratic 
residues and nonresidues are used in the proof.) In the same paper he proved the 
theorem of Diophantus and Euler. On June 17, 1751 he had lectured about it in 
the Berlin academy. Doubtless Euler had tried very hard to prove "Fermat's 
theorem." 
In Euler's notebook 132 (written down between 1740 and 1744) we can find a 
theorem which implies Lemma 3. Matvievskaya and Ozhigova interpreted the 
passage as follows (but they did not publish the passage): 
An attempt to prove "Fermat's theorem" was made. After Lagrange had pub- 
lished his own proof of the four-squares theorem (Lagrange 1772), Euler took up 
his proof again, which he had begun many years ago. He proved the theorem in 
the same way as he had in Notebook 132. Lemma 3 with his proof in the notebook 
agrees with Theorem 4 with his proof in Euler 1773 [Matvievskaya 1960, 148f., 
Matvievskaya & Ozhigova 1983, 157]. 
According to this Euler could prove Lemma 3 at the latest in 1744. According 
to what was mentioned above Euler could prove Lemma I at the latest in 1740, 
and Lemma 2 in 1749, also. But why did he not prove "Fermat's theorem"? 
3. A PASSAGE IN EULER'S NOTEBOOK 132 WRITTEN BEFORE 1744 
The key to the answer to this question is the mentioned passage in Euler's 
notebook. What did Euler write at that time? [5] 
THEOREM. l f  a number a were given, which were not representable as a sum offour squares, 
and if this were a divisor of  the number P = A: + B 2 + C" + D 2, then there would be a number 
b < a, too, which would also not be representable as a sum of  four squares, but which would 
be nevertheless a divisor of a sum Q < P of four squares. 
Proof. If A-' + B 2 + C 2 + D 2 is divisible by a, then four squares p2 + q2 + r 2 + s 2 can be 
represented which are divisible by a, so that the single roots p, q, r, s are smaller than ½a. 
Therefore there will be a sum P < a'- of four squares, which is divisible by a. Let P/a = b. 
Then we have b < a. 
But because a is a number, which is not representable asa sum of four squares, b will be 
also a number, which is not representable as a sum of four squares. Indeed, if b would be 
representable, then a would be representable, too. By means of the divisor a of the number 
P, which is representable asa sum of four squares, a smaller number b is found, which is in 
the same way a divisor of P, but which is not representable as a sum of four squares, however. 
Q.E.D. 
COROLLARY. Therefore from a number a, which is not representable as a sum of  four 
squares, but which would be nevertheless a divisor of  a sum of  four squares, other arbitrarily 
small numbers of  the same kind would emerge. Because this is absurd it follows, that there 
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are no (natural) numbers, which are not representable as a sum of  four squares, but which 
nevertheless are divisors o f  the number, which is representable as a sum of  four squares. 
(Akademiya Nauk SSSR. Archiv, Fond 136, Opis 1, No. 132, p. 142 ob.) [6] 
In o ther  words:  Each  number ,  which div ides the sum of four squares,  is i tself  
the sum of  four squares.  
Eu ler  would have had Lemma 3! 
But let us look once more at the proo f  in the notebook.  We have P = ab = 
pZ + qZ + r z + S 2 < 4(a/2)2 = a 2, and therefore b < a, 
But because a is a number which is not representable as a sum of four squares, b will also 
be a number which is not representable as a sum of four squares. [7] 
That means thatP=ab= [ ] ,  a ~ [ ]  ~ b ¢ [ ] .  
Indeed, if b were representable, then a would be representable, too. [8] 
This means thatP=ab = [ ] ,  b = [ ]  ~ a " b /b  = a = ~-]. 
We do not know whether  Euler  real ly thought at that t ime that his assert ion 
would be sure, if we had b < a. 
4. LETTERS TO GOLDBACH IN LATER YEARS 
But on Apr i l  12, 1749 (in a letter to Go ldbach)  Euler  had reduced the proo f  of  
the four -squares theorem to this assert ion that he was unable to prove.  He had 
written: 
I fab = [ ]  and a = [ ] ,  then b = [ ] .  This is the assertion on which the whole matter depends 
and which I cannot prove yet. [Euler & Goldbach 1965, 310] [9] 
Indeed,  let us rep lace Coro l lary  1 by Coro l lary  1' and Coro l lary  2 by Propos i t ion 
2' in the above-exp la ined  proof  of  the Theorem of D iophantus  and Euler:  
COROLLARY 1'. I f  a = [ ]  and b = [ ] ,  then ab = [ ] .  
PROPOSITION 2'. I f  ab = [ ]  and a = [ ] ,  then b = [4-]. 
Then (using Lemma 2) we would get a proof  of  the theorem of Bachet  and 
Lagrange.  But Eu ler  was not able to prove Propos i ton 2'! Later ,  on July 26, 1749 
(in a letter to Go ldbach)  he only proved that mA = [ ]  and m = [ ]  imply A = [ ]  
i fm -< 7 [Euler  & Go ldbach  1965, 316]. In 1751 Euler  had to admit  that he had no 
proof  for his general  assert ion (Proposi t ion 2') [Euler 1760 in Euler  1915, 372]. In 
a letter  to Go ldbach  (Dec. 4, 1751) he wrote:  
I have most rigorously proved, that if N is an integer, then N = A 2 + B 2 + C 2 + D 2 must 
always be valid, where however, A, B, C, D can be both fractions and integers. Therefore it
has only still to be proved, that if the sum of four squares of fractions is an integer, the same 
sum can be necessarily decomposed into a sum of four (or fewer) squares of integers. Though 
I can prove, that if (p/q)2 + (r/s)2 = N is an integer, there are also integers a, b with N = 
a 2 + b 2, I cannot provide that proof in the same way. [Euler & Goldbach 1965, 343] [10] 
Obv ious ly  Eu ler  tr ied hard to prove the theorem of Bachet  and Lagrange.  He 
wanted to prove the theorem by means of  Lemma I, Propos i t ion 2', and Lemma 
2 or d i rect ly  as a consequence  of  the theorem of D iophantus  and Euler.  
It was only Lagrange (in 1770) who succeeded in proving the theorem of  Bachet  
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and  Lagrange .  H is  paper  appeared  in the  Ber l in  memoi rs  in 1772 (Lagrange  1772). 
He  rea l i zed  that  Lemma 3 was  the  main  po in t  (and  natura l ly  Lemma 1, Lemma 
2). The  proo f  was  based  on  Eu ler ' s  work  on  sums o f  two  squares .  A f te r  read ing  
Lagrange 's  paper  Eu le r  immediate ly  gave  a proo f  essent ia l l y  s imp ler  than  that  o f  
Lagrange:  Eu le r  1773 (wr i t ten  in Sept ,  1772). Eu le r ' s  p roo f  [3] o f  Lemma 3 [Eu le r  
1773 in Eu le r  1917, 230f . ]  is obv ious ly  another  p roo f  than  the  "proo f "  g iven  in 
the  notebook!  
NOTES 
1. Indeed, i fmn = a 2 + b 2 + c 2 + d 2 and m = e 2 + f2 + g2 + h 2, then there are integers , t, w, x 
so that (mn)m = s 2 + t 2 + w 2 + x 2 (Lemma 1). One gets n =mn • rn/m 2 = (s /m)  2 + ( t /m)  2 + 
(w/m)  2 + (x /m)  2 = [4]F. 
2. (Minding 1832, 191) gives the following simple proof: The (p + I)/2 numbers u 2 (u = 0, 1, 2 . . . . .  
(p - 1)/2) have (p + 1)/2 different residues modulo p. The (p + 1)/2 numbers -02 - 1 (u = 0, 1, 2, 
. . . .  (p - 1)/2) have (p + 1)/2 different residues modulo p, too. If all (p + I)/2 residues of u 2 modulo 
p would be distinct from all (p + 1)/2 residues of -u  2 - 1 modulo p, then there would be p + 1 different 
residues modulo p, what is absurd. Therefore there are numbers u0 E {0, 1, 2 . . . . .  (p - 1)/2} and 
v0 E {0, I, 2 . . . . .  (p - 1)/2} such that u~ -= - 02 - 1 (mod p), that means Pl u20 + o02 + 1. 
3. Sketch of the proof (by Euler 1773 in Euler 1917, 230f.): Let p be an odd prime. Since P l [-~, we 
may write r 2 + s 2 + t 2 + u 2 = pn,  where n is an integer and 0 -< r, s, t, u < p/2.  We have n < p. 
Case 1. n = 1. There is nothing more to prove. 
Case 2. n > 1, n odd. We may choose 0 -< a, b, c, d, < n/2 such that r ~ a (mod n), s --- b (mod 
n), t ~ c (mod n), u ~- d (mod n). Then n divides a 2 + b 2 + c 2 + d 2,too. There is an n' -> 0 such that 
a 2 + b 2 + c 2 + d 2 = nn'.  We have0< n' < n. Put r  = a + ne, s = b + nf, t = c + nq, u = d+ nh, 
thenpn = r 2 + s 2 + t 2 + u 2 = a 2 + b 2 + c 2 + d" + 2n (ae + b f  + cg + dh) + n 2 (e 2 +f2  + g2 + 
h 2) = nn' + 2n (ae + b f+ cg + dh) + n 2 (e 2 +f2  + g., + h2). We divide both sides by n and multiply 
both sides by n': pn'  = n '2 + 2n' (ae + b f  + cg + dh) + (a'- + b 2 + c 2 + d 2) (e 2 +f2  + g2 + h2). Using 
Lemmal i t fo l lowspn '=n '2 + 2n'A + A 2 + B 2+C 2 + D 2= (n' + A)  2+B 2+C 2+D 2= [ ] (where  
A = ae + b f+ cg + dh and B, C, D follow from Lemma 1, too). 
Case 3. n > 1, n even. If n is even, then pn = r 2 + s 2 + t 2 + u 2 is even. We see, that either all 
of r, s, t, u are even or two are even and two are odd or all are odd. In any event, we can choose r, 
s, t, u such that r -= s (mod 2), t ~ u (mod 2). Hence 
In any case (cases 2 and 3) we can find an integer less than n, say nl, such that pnl is the sum of four 
n 
nonnegative integral squares, not all of which are divisible by p (nl = n', if n is odd; nl = ~, if n is 
even). If we take n to be the least natural number such that pn = [ ] ,  then the existence ofnl contradicts 
this supposition. 
4. By Lemma 1 we have to prove that p = [4], i fp  is an odd prime. By Lemma 2 there are three 
squares, not all of which are divisible by p, such that p divides their sum. Hence we have p = [ ]  by 
Lemma 3. 
5. In the springtime 1991 I copied the passage from a microfilm of the Notebook, which Professor 
E. Knobloch (Berlin, Technical University) owns. Professor Knobloch transcribed and translated the 
text. I am indebted to him for his help. 
6. "THEOREMA. Si daretur  humerus  a in quatuor  quadrata non resolubilis isque esset divisor nurneri 
P = A 2 + B 2 + C 2 + D2; tum daretur  quoque numerus  b < a pariter non resolubilis in 4 quadrata,  qui 
tamen esset  divisor sumrnae 4 quadratorum Q < P. 
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"'Dem. Si A 2 + B 2 + C 2 + D 2 divisibilis est per a exhiberi poterunt quatuor quadrata pp + qq + 
rr + ss divisibilia per a ita ut singulae radices p, q, r, s sint minores ½a. Dabitur ergo summa 4 
quadratorum P < aa divisibilis per a sitque P/a = b, erit b < a. Cum autem a non sit numerus in 4 [] 
resolubilis, neque b erit resolubilis in 4 []. 
Nam si b esset resolubile foret quoque a resolubile. 
Ex divisore ergo a numeri P in quatuor [] resolubilis, reperitur numerus minor b pariter divisor 
ipsius P, qui tamen est irresolubilis in 4 [3. Q.E.D. 
COROLL. Ex numero ergo a in 4 [] irresolubili, qui tamen foret summae 4 [] divisor prodirent alff 
ejusdem generis humeri quantumvis exigui. Quod cum sit absurdum sequitur non dari numeros in 4 [] 
irresolubiles, qui tarnen sint divisores numeri n 4 [] resolubilis." 
7. "Cum autem a non sit numerus in 4 [] resolubilis, neque b erit resolubilis in 4 []." 
8. "Nam si b esset resolubile foret quoque a resolubile." 
9. "Si ab = [ ]  e ta  = [ ] ,  erit etiam b = F4--]. Dieses ist der Satz, worauf die ganze Sach beruhet, 
und den ich noch nicht beweisen kann." 
10. "Ich habe rigorosissime bewiesen, daB, wann N ein numerus integer ist,allzeit sein miisse N = 
A 2 + B 2 + C 2 + D 2, wo aber A, B, C, D sowohl numeros fractos al integros bedeuten. Es w/ire also 
nur noch iibrig zu zeigen, daB, wann quatuor quadrata fracta eine summam integram haben, dieselbe 
Summ sich auch notwendig in quatuor (vel pauciora) quadrata integra mfisse zerlegen lassen. Ich kann 
nun wohl beweisen, daB, wann pp/qq + rr/ss = N numero integro, auch sein miisse N = aa + bb in 
integris; allein jenen Beweis kann ich nicht auf gleiche Art bewerkstelligen." 
REFERENCES 
Diophantus. 1621. Diophanti Alexandrini Arithmeticorurn libri sex, et de nurneris multangulis liber 
unus, C. G. Bachet, Ed. Toulouse: Bosc. 
Diophantos. 1952. Arithmetik, A. Czwalina, Hrg. G6ttingen: Vandenhoeck & Ruprecht. 
Diophantus. 1982. Books IV to VII of Diophantus' Arithmetica in the Arabic translation attributed to 
Qustd ibn Laqd. J. Sesiano, Ed. New York/Heidelberg/Berlin: Springer. 
Diophante, 1984. Les arithmdtiques. Vol. 111: Book IV. VoL IV: Books V-VII. R. Rashed, Ed. Paris: 
Les belles lettres. 
Euler, L. 1760. Demonstratio theorematis Fermatiani omnem numerum sive integrum sive fractum 
esse summam quatuor pauciorumve quadratorum. Novi commentarii academiae scientiarum 
Petropolitanae 5(1754/55), 13-58. In (Euler 1915, pp. 338-372). 
Euler, L. 1773. Novae demonstrationes circa resolutionem numerorum in quadrata. Nova acta erudi- 
torum 1773, 193-211. In (Euler 1917, pp. 218-239). 
Euler, L. 1915. Opera omnia, Series I, Vol. 2, F. Rudio, A. Krazer, and P. St/ickel, Eds. Leipzig/ 
Berlin: Teubner. 
Euler, L. 1917. Opera ornnia, Series I, Vol. 3, F. Rudio, A. Krazer, and P. St/ickel, Eds. Leipzig/ 
Berlin: Teubner. 
Euler, L., & Goldbach, Ch. 1965. Leonhard Euler und Christian Goldbach. Briefwechsel 1729-1764, 
A. P. Jushkevich und E. Winter, Eds. Berlin: Akademie-Verlag. 
Fermat, P. de 1894. Oeuvres. Tome II. Correspondance. P. Tannery and Ch. Henry, Eds. Paris: 
Gauthier-Villars. 
Heath, Th. L. 1910. Diophantus of Alexandria: A study in the history of Greek algebra. Cambridge: 
Cambridge: Univ. Press. 
Lagrange, J. L. 1772. D6monstration d'un theor~me d'arithm6tique. Nouveaux memoires de l'acad~mie 
royale des sciences et belles-lettres de Berlin (1770), 123-133. In (Lagrange 1869, pp. 189-201). 
Lagrange, J. L. 1869. Oeuvres. Tome III, J.-A. Serret, Ed. Paris: Gauthier-ViUars. 
18 HERBERT P IEPER HM 20 
Matvievskaya, G. 1960. O neopublikovannykh rukopisyakh Leonarda Eulera po diofantovu analizu. 
lstoriko matematicheskie issledovaniya 13, 107-186. 
Matvievskaya, G., & Ozhigova, E. 1983. Leonhard Eulers handschriftlicher NachlaB zur Zahlentheorie. 
In Leonhard Euler 1707-1783: Gedenkband des Kantons BaseI-Stadt, pp. 151-160. Basel: Birk- 
h/iuser. 
Minding, F. 1832. Anfangsgriinde der hOheren Arithmetik. Berlin: Reimer. 
Well, A. 1983. Number theory. An approach through history. From Hammurapi to Legendre. Boston/ 
Basel/Stuttgart: Birkh/iuser. 
